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Meta-heuristic methods show better performance in solving large-size sequential
process scheduling problems than mixed-integer linear programming. Heuristic rules
are often used in meta-heuristic methods and play a very important role in reducing
search space of the scheduling problems. In our previous work (He and Hui, Ind Eng
Chem Res. 2006; 45: 4679–4692), approaches of how to automatically select rules
from a set of heuristic rules have been proposed. This work proposes a novel approach
of how to construct a comprehensive, but not very large set of rules according to the
analysis of impact factors. Working with the new rule set, the original approaches are
improved, in which a full rule sequence is used for schedule synthesis. A new auto-
matic rule combination approach is proposed, in which a partial rule sequence is
intentionally formed and used for schedule synthesis. The adoption of the partial rule
sequences saves computational sources and increases the search ability of the algo-
rithms. The automatic rule combination approach almost has the same search ability
as the long time tabu search to find the near-optimal solutions to the large-size prob-
lems, but with much higher convergence speed. � 2007 American Institute of Chemical

Engineers AIChE J, 53: 2026–2047, 2007

Keywords: sequential process scheduling, impact factors, heuristic rules, genetic algo-
rithm, rule evolution

Introduction

Scheduling plays a crucial role in the efficiency of any
production system. The process industry covers areas such as
chemicals, oil refining, food, beverages, pharmaceuticals, and
brewing. In contrast to the long-term concerns with schedul-
ing in discrete parts manufacturing industry, the attention
devoted to computer-aided scheduling methodology in the
process industry is much more recent, beginning in the mid-
dle 1970s.1,2 Process scheduling shows much more complex-
ity than discrete machine scheduling.3 Research on batch and

continuous process scheduling has received great attention
from academia and industry in the past two decades because
of the increasing pressure to raise efficiency and reduce
costs, the significant progress in related modeling and solu-
tion techniques, and rapidly developing computational
power.4

Based on the complexity of processing sequences employed
to produce products, all processes in multiproduct multipur-
pose plants can be classified into two different groups as
follows.

Sequential processes

Different products follow the same processing sequence. It
is usually possible to define processing stages, which can be
single stage or multiple stages. There can be only one unit
per stage or parallel units at each stage. For this type of
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process, batches are used to represent production and it is
thus not necessary to consider mass balances explicitly.

Network-represented processes

When production recipes become more complex and/or
different products have low recipe similarities, processing
networks are used to represent the production sequences.
This corresponds to the more general case in which batches
can merge and/or split and material balances are required to
be taken into account explicitly. Kondili et al.5 proposed a
general framework of state-task network (STN) for the ambi-
guity-free representation of such processes. The main advan-
tages and drawbacks of STN were summarized by Kallrath.6

Pantelides7 then proposed an alterative representation, the
resource-task network (RTN), which describes processing
equipment, storage, material transfer, and utilities as resour-
ces in a unified way.

Single-stage multiproduct scheduling problems (SMSP) in
batch plants with parallel units are a typical kind of sequen-
tial scheduling problems in process industry. An extension of
SMSP is the multistage multiproduct scheduling problems
(MMSP) in batch plants with parallel units. The main solu-
tion methods for these scheduling problems can be mainly
summarized as mathematical programming (MP) (including
mixed-integer linear programming (MILP), mixed-integer
nonlinear programming (MILNP), and constraint program-
ming (CP)), list scheduling (using scheduling rules), random
search plus heuristic rules, and meta-heuristic methods.

MP has been widely studied by researchers in academia.
The procedure of MP is as follows: establish the MILP or
MINLP model first, including objective function and con-
straints, and then solve the model using a modeling software

(like GAMS) with embedded commercial solvers such as
OSL, CPLEX, XPRESS, and DICOPT.

Pinto and Grossmann8 presented a continuous time MILP
model for MMSP. They used the concept of parallel time
coordinates for units and tasks. Furthermore, Pinto and
Grossmann9 proposed an alternative model in which the pre-
ordering of orders was imposed explicitly, by applying an al-
ternative representation of the time slots for the units. This
resulted in a significant reduction in computational time.
Cerda et al.10 proposed a continuous time MILP model for
SMSP. They used tri-index decision variables as well as the
concept of predecessor and successor to describe the order
assignment to various production units while taking into
account sequence dependent changeover constraints. To deal
with large-size problems, they proposed heuristics, such as
the order preordering, to reduce the number of feasible pred-
ecessors for each order. On the basis of the notation of time
slot, Karimi and Mcdonald11 proposed two models for paral-
lel semicontinuous processes considering the sequence-de-
pendent setup times, orders, and their corresponding due
dates in order to minimize the inventory. The major advant-
age of the formulation is that it can incorporate fixed time
events such as due dates while using continuous representa-
tion of time.

Hui and Gupta12 presented a general formulation for
SMSP. The proposed formulation applies three sets of bi-
index variables to handle order sequence-dependent con-
straints either with or without imposing preordering heuris-
tics. The main advantage of this formulation compared to the
other previously proposed formulations is the significant
reduction in the number of binary variables and consequently
shortening the solution time. The authors claimed their
method suitable for handling large-size industrial problems.

Table 1. Changeover Times, Due Dates, and Process Times of Example 1

Changeover Times

Due Date

Process Times

j1 j2 j3 j4 j5 j6 j7 j8 j9 j10 u1 u2 u3

i1 – 1.02 0.89 0.80 0.98 1.24 1.83 0.84 1.58 1.02 31 14.07 12.20 5.40
i2 0.78 – 1.86 1.96 1.69 1.97 1.37 1.03 0.96 1.66 39 15.64 8.95 19.41
i3 1.66 1.87 – 1.69 1.88 0.81 1.43 0.78 1.49 0.63 22 16.49 14.29 8.56
i4 0.95 1.41 1.06 – 1.30 1.02 0.71 1.45 1.26 0.71 34 10.70 16.18 5.97
i5 0.72 1.44 1.68 1.81 – 1.26 1.17 1.74 0.77 0.74 55 15.53 5.13 10.68
i6 1.24 1.60 1.68 1.26 1.37 – 1.11 1.39 0.96 0.65 28 8.20 10.68 7.19
i7 1.96 1.99 1.85 0.81 0.70 1.13 – 1.83 1.34 0.75 55 14.41 17.24 5.73
i8 0.97 1.78 1.32 0.67 1.22 1.89 0.99 – 0.66 1.77 29 6.83 9.70 8.02
i9 1.07 1.81 0.71 1.57 0.78 1.83 1.34 1.43 – 0.54 26 5.08 6.43 10.41
i10 1.54 1.76 1.27 1.46 1.51 0.83 1.19 0.51 1.14 – 42 8.60 13.11 14.12

Table 2. Results of Example 1 by MILP

Original Model Improved Model (n 5 4, Big M 5 150)

Iterations Nodes CPU Time, s Makespan Iterations Nodes CPU Time, s Makespan

592 No integer solution yet 844 No integer solution yet
1000 46 0.27 36.63 1000 27 0.22 47.29
2000 81 0.50 36.63 2000 56 0.42 37.53
20,000 769 4.53 31.74 20,000 596 4.01 37.53
200,000 6896 45.64 31.53 200,000 5042 39.46 28.31
2,000,000 77,642 768.05 28.79 2,000,000 56,843 542.78 28.31
3,000,000 118,249 1176.95 28.79 3,000,000 88,667 1044.68 28.31
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Chen et al.13 developed a MILP model for SMSP using
the continuous-time representation and the notation of time
slot. When the model was developed, the allocation of orders
and units to time slots was represented by two sets of binary
variables. The MILP model not only involved fewer binary
variables than any other models based on the notation of
time slot,14 but also could be used to optimize several types
of objective functions.

An important recent advance was the introduction by Sun-
daramoorthy and Karimi15 of a formulation without big-M
constraints that proved more efficient than other competing
methods for both maximizing profit and minimizing make-
span.

Castro and Grossmann16 presented a new RTN-based con-
tinuous-time MILP model for SMSP. It was based on the
general formulation of Castro et al.,17 but had one important
difference: a different time grid was used for each unit
instead of a single time grid for all events taking place. New
constraints were presented that allowed the consideration of
both release and due dates in a general way. The new formu-
lation was shown to perform much better than other continu-
ous-time MILP formulations and standalone CP models,18

and was comparable to the hybrid MILP/CP algorithm of
Maravelias and Grossmann19 on a set of example problems
where the objective was the minimization of total cost, or
the minimization of total earliness. However, this model did
not consider changeovers between products. Hence, Castro
et al.20 later presented two new multiple-time-grid continu-
ous-time formulations for SMSP and MMSP, where equip-
ment units are subject to sequence-dependent changeovers,
and product orders are subject to both release and due dates,
where the objective was the minimization of total cost, total
earliness, or makespan. For makespan minimization, the mul-
tiple-time-grid, continuous-time formulation by Castro
et al.16,20 is not the best efficient MP method. The CP
method and the discrete-time formulation were found to be
the best MP methods.21 However, these two methods have
the disadvantage of considering integer data and show a
rapid decrease in performance with an increase in problem
complexity.

CP is another solution approach that can be used for solv-
ing some classes of scheduling problems. CP and MILP have
complementary strengths that can be combined into hybrid
algorithms, yielding considerable computational improve-
ments when compared with the standalone approaches.
Examples of these are the work of Jain and Grossmann18 for
single-stage, Harjunkoski and Grossmann22 for multistage
multiproduct plants.

Further details on the aforementioned and other available
approaches for short-term scheduling can be found in the
recent review papers of Floudas and Lin4 and Mendez
et al.23 MP is able to obtain optimal solutions to small-size
scheduling problems. However, as the problem size increases
linearly, the computational time of MP will increase expo-
nentially. It is very difficult for MP to obtain an acceptable
solution to large-size problems within reasonable time. In
most studies, authors used small-size problems to illustrate
their methods. Therefore, the mathematical methods have
mainly theoretical, but not practical or applicable signifi-
cance.

To solve large-size scheduling problems, due to the diffi-
culties of the MP, the preferred method in industry is to use
scheduling rules, such as the shortest processing time first
(SPT) rule and the earliest due date first (EDD) rule. Accord-
ing to a scheduling rule, jobs are sequenced in decreasing
priority order and then one by one assigned to machines or
processing units. During the last 30 years, the performance
of a large number of scheduling rules has been studied exten-
sively using simulation techniques. The research on the
scheduling rules has shown that there is no single universal
rule, and the effectiveness of a scheduling rule depends on
the scheduling objective and the prevailing shop or plant
conditions. Cheng and Sin24 presented a full review of paral-
lel machine scheduling research, including a large number of
scheduling rules. Park et al.25 investigated the significant
scheduling rules for parallel machine scheduling.

In the research on process scheduling, heuristic rules are
often combined into the MILP models with the purpose of
reducing the size of the models.9,10,12,13

However, due to constraints inherent in some scheduling
problems, the simple rule-based method may not guarantee
the feasibility and optimality of the solution. Mokashi and
Kokossis26 pointed out that a general-purpose optimization
approach resorts to using conventional MP techniques on
generic models of a scheduling problem, which is limited
when applied to large-scale industrial problems because of
the computational time involved. The other extreme of heu-
ristic methods lacks guarantees of the quality of the solution.
Therefore they proposed a philosophy of contextual optimi-
zation that exploited problem-specific knowledge to develop
efficient algorithms. This concept was applied to a delivery
scheduling problem to generate a tailored graph-based
method called the maximum order tree algorithm, which,
compared to conventional methods, reduced the CPU time
dramatically without compromising solution quality. When
applied to a single-site distribution case study, it resulted in
savings of over a quarter of a million dollars per year over
the existing heuristic-rule based system.

Table 3. Calculation of Simple/Compound Rules

Number of Impact Factors ns 1 nc

2 C1
2 þ C2

2 5 3

3 C1
3 þ C2

3 þ C3
3 5 7

4 C1
4 þ C2

4 þ C3
4 þ C4

4 5 15

5 C1
5 þ C2

5 þ � � � þ C5
5 5 31

. . . . . .
nf C1

nf
þ C2

nf
þ � � � þ Cnf

nf

Figure 1. Illustration of PsT.
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In random search, the tasks or products are randomly
sequenced, and then one by one assigned to machines or
processing units. Through exploring a set of random solu-
tions, feasible solutions better than the simple rule-based
method can be attained. Our research group27 has proposed a
random search based on heuristic rules, which outperforms
MILP in solving large-size scheduling problems for a single-
stage batch plant with parallel units.

In recent years, meta-heuristics, such as genetic algorithm
(GA), simulated annealing (SA), and tabu search (TS), and
their hybrids have shown potential to solve large-size com-
plex machine scheduling problems. Tanev et al.28 developed
a hybrid evolutionary algorithm capable of scheduling 400
customers’ orders. Nowicki and Smutnocki29 proposed an
algorithm based on a TS technique to solve a permutation
flow shop problem (up to 500 jobs and 20 machines). Gra-
bowsk and Wodecki30 proposed a new very fast local search
procedure based on a TS approach for the permutation flow
shop problem with makespan criterion. They solved a 500-
job/20-machine flow-shop problem with high accuracy in a
very short time.

Due to the complexity and constraints of process schedul-
ing, some authors believe that meta-heuristics are not suitable
for process scheduling problems, especially large-size com-
plex problems. Nevertheless, our research31 has shown that
meta-heuristic methods, combined with suitable heuristic
rules, are effective to search near-optimal solutions for large-
size process scheduling problems. For example, GA can be
used to evolve a set of random feasible solutions and obtain
much better solutions than the random search. Moreover, we
have put forward two rule evolutionary approaches (meta-
heuristic plus heuristic rules): one is an automatic rule selec-
tion (ARS) method, and another is a rule sequence evolution
(RSE) method.31

In our work, ARS method was based on GA, in which mixed
chromosomes were adopted. A mixed chromosome consists of
a rule sequence and an order sequence. In each mixed chromo-
some, the rule at the head of the rule sequence is used to assign
all of the orders in the order sequence to the units. At the end of
computation, a best rule is selected automatically.

RSE method was also based on GA, in which mixed chro-
mosomes were still utilized. The algorithm tries to use a rule
to assign an order to the one unit, starting from the head of
the rule sequence. If a rule failed to assign an order, the next
rule would be tried, until the order is assigned successfully.
If no rule to be used successfully, the chromosome is infeasi-
ble, then a new chromosome will be regenerated. At the end
of computation, a best rule sequence is evolved automati-
cally. ARS and RSE are self-learning approaches. By using
these two approaches, the algorithms themselves will finally
choose the suitable rule or rule sequence to synthesize the
evolved order sequence into a high quality schedule.

To sum up, in our study to solve the process scheduling
problems, e.g. scheduling problem of single-stage batch plant
with parallel units, by using random search or GA combined
with profixed rule, or by using ARS or RSE methods, the
heuristic rules played very important roles in cutting down
search space and increasing search speed. In all these meth-
ods, heuristic rules were selected from a candidate rule base,
which was constructed randomly just for the illustration of
the methods. Now that the rules are so important to algo-
rithms, we should construct the rule base scrupulously, not

Table 4. Seven Rules for Minimization of the Makespan-Related Objectives in SMSP

Rule Detailed Content Shortened Form Factors Involved
Simple or
Compound

Rule 1 Assign the order on the unit that makes the order’s
possible start time be as early as possible, that is,
assign the order on the first available unit (FAU)

Earliest possible start
time, FAU

Possible start time (PsT) Simple

Rule 2 Assign the order on the unit that makes the order’s
changeover time on the unit be the shortest

Shortest changeover
time, SCT

Changeover time (CT) Simple

Rule 3 Assign the order on the unit that makes the order’s
process time on the unit be the shortest

Shortest process time,
SPT

Process time (PT) Simple

Rule 4 Assign the order on the unit that makes the order’s
start time be as early as possible

Earliest start time,
EST

Possible start time and
changeover time

Compound

Rule 5 Assign the order on the unit that makes the sum of
the order’s possible start time and process time
on the unit be the shortest

Shortest possible start
time 1 process
time, SPsPT

Possible start time and
process time

Compound

Rule 6 Assign the order on the unit that makes the sum of
the order’s changeover time and process time on
the unit be the shortest

Shortest changeover
time 1 process
time, SCPT

Changeover time and
process time

Compound

Rule 7 Assign the order on the unit that makes the order’s
completion time be as early as possible

Earliest completion
time, ECT

Possible start time,
changeover time, and
process time

Compound

Figure 2. Schedule synthesis by one rule.
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letting some possible useful rules lie out of our considera-
tion. In practice, the rule base can be enlarged if necessary.
In the ARS and RSE methods, each rule needs a subroutine.
When the rule base is large, the workload to write code will
be huge. Furthermore, managing a large rule base is also a
tough task. Hence we propose a rule combination method
based on impact factors analysis. This study proposes a rule
combination method for specific scheduling objectives, e.g.
makespan-related objectives. Automatic rule combination
(ARC) methods are also proposed and studied.

SMSP is used to illustrate the rule combination approach.
SMSP has been widely used by process scheduling re-
searchers, such as Cerda et al.,10 Hui and Gupta,12 and Chen
et al.13 The proposed approaches can be applied to other se-
quential process scheduling problems, e.g. MMSP.

The algorithms in this paper were implemented in C lan-
guage and the computation tests were run on a computer
with an Intel Pentium M 1500 MHz CPU and 768 MB of
memory. GA is just for illustration, not the only choice.
Other meta-heuristics, such as TS, and hybrid algorithms,
may be more effective in solving large-size problems.

Problem Definition

In SMSP, a fixed number of production units (forming a
set of units: U) are available to process all customer orders
(forming a set of orders: O). Assume the number of produc-
tion units is M, and the number of customer orders is N.
Each order involves a single product, requiring a single proc-
essing stage, has a predetermined due date, and can only be
processed in a subset of the units available. The production

units have different processing capacities. Hence, the process
time of the same order is fixed and production unit depend-
ent. A production unit processes only one order at a time.
When one order changes over to another order, time is
required for the preparation of the unit for the changeover.
The changeover time is sequence-dependent. Forbidden
changeovers and processes, called CP constraints, may exist
in the problem.

Time-based scheduling objectives are commonly consid-
ered in the literature because cost-based objectives usually
can be surrogated by time-based objectives. Common time-
based objectives are described by Pinedo.32 Makespan, total
tardiness, total earliness, and total flow time are four typical
scheduling objectives to be minimized. Assume that there are
N orders to be assigned to M units.

1. Makespan (Cmax): The makespan, defined as:

Cmax ¼ maxfC1;C2; . . . ;CNg (1)

is the completion time of the last order to leave the system,
where Cj is the completion time of order j. A minimum
makespan usually implies a high utilization of the units.

2. Total tardiness (T): The total tardiness is the sum of
the tardiness of all orders, defined as:

T ¼
XN

j¼1

Tj (2)

where Tj is the tardiness of order j: Tj 5 max{Cj 2 dj, 0}, dj
is the due date of order j.

Figure 3. Different schedules for the same order sequence by different rules.

Table 5. A Random Order Sequence Scheduled by Different Rules

Order Sequence p 3 2 7 6 4 5 9 10 1 8

Rule Used Rule 1 Rule 2 Rule 3 Rule 4 Rule 5 Rule 6 Rule 7

Makespan Cmax 38.24 58.86 37.62 38.24 31.94 30.72 30.14
Total tardiness T 10.46 47.86 6.62 10.46 2.94 1.72 0.09
Total flow time F 224.13 260.46 182.79 224.13 184.82 176.89 197.72
Compound objective TC 48.70 106.72 44.24 48.70 34.88 32.44 30.23
Compound objective TF 234.59 308.32 189.41 234.59 187.76 178.61 197.81
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3. Total earliness (E): The total earliness is the sum of
the earliness of all orders, defined as:

E ¼
XN

j¼1

Ej (3)

where Ej is the earliness of order j, Ej 5 max{dj 2 Cj, 0}.
4. Total flow time (F): The total flow time is the sum of

completion time of all orders:

F ¼
XN

j¼1

Cj (4)

5. The minimization of the makespan and the minimiza-
tion of the total tardiness can be conflicting objectives. If the
due dates of the orders are loose, it is easy to find a schedule
with zero total tardiness, but the makespan of the schedule
may be still very long. To consider both makespan and total
tardiness at the same time, we propose a new compound
objective TC:

TC ¼ aT þ bCmax (5)

where T is the total tardiness, and Cmax is the makespan.
6. Similarly, to consider both total flow time and total tar-

diness simultaneously, we put forward a new compound
objective TF:

TF ¼
XN

j¼1

ðaTj þ bCjÞ (6)

where Tj is the tardiness of order j: Tj 5 max{Cj 2 dj, 0}, dj
is the due date of order, and Cj is the completion time of
order j . a and b are weight coefficients. We let a 5 b 5 1.

Here we classify the scheduling objectives into two cate-
gories: makespan-related objectives (such as makespan, total
tardiness, total flow time, and compound objectives TC and
TF) and earliness-related objectives. For the former, we try
to let the orders be completed as early as possible. For the
later, we try to let the orders complete as near as possible to
the due date, but not after the due date. In this paper, we
focus on the makespan-related objectives. Just as done in the
literature,10,12 when minimizing the makespan of a problem,
the due dates of the orders are not considered as constrains.
If due dates are considered as constraints when minimizing
makespan, the complexity of MILP model increases. How-
ever, in our work of GA, it is just an option, not an actual li-
mitation, that the due dates are not considered as constraints
when minimizing makespan. Actually, adding a penalty term
in the objective function for the orders violating due dates
enable the algorithm to find a good schedule without tardy
orders, assuming that there are no tardy orders at optimum.
In case of tardy orders at optimum, soft due dates33 should
be used, which is determined by minimizing the tardiness,
and hence increasing computational effort. Therefore, we do
not consider due dates as constrains when minimizing make-
span-related objectives in this work.

Example 1 will be used to illustrate our approach. Exam-
ple 1 is a random SMSP in which 10 orders (N 5 10) are to
be assigned to three units (M 5 3). Each order involves only
one batch, required to be completed before the due date di.
The due date di is produced randomly, di [ (20, 60). All the
order release times and unit release times are null. Change-
over time cij is produced randomly, cij [ (0.50, 2.00); and
process time piu is also produced randomly, piu [ (5.00,
20.00). Neither forbidden changeover nor forbidden process
exists in this example. The data for Example 1 is presented
in Table 1.

MILP Model and Its Difficulties

For SMSP, Cerda et al.10 did the original work with MILP
model, later Karimi and McDonald,11 Hui and Gupta,12 and
Chen et al.13 presented their modified MILP models. All
these works focused small problems, and the later improve-
ments were marginal, not substantial, especially for large-
size problems. So the MILP model by Hui and Gupta,12 a bi-
index MILP model based on continuous-time representation,
is representative, maybe not very efficient. The bi-index
model is applied to Example 1, being formulated in GAMS

Figure 4. Flow chart of GA.

Table 6. Results of Example 1 by GA Combined with Different Rules (min Cmax)

Method Best Cmax Mean Cmax Mean Dev. from Optimum Mean CPU Time, s Mean Iterations Tests Rule Quality

GA_R1 (FAU)* 28.31 28.36 0.17 0.0715 18.9 10 Second
GA_R2 (SCT) 28.31 29.85 5.44 0.066 19.2 10 Third
GA_R3 (SPT) 36.31 36.31 28.26 \0.055 6.4 10 Worst
GA_R4 (EST) 28.31 28.36 0.17 0.077 18.5 10 Second
GA_R5 (SPsPT) 28.31 28.31 0.00 0.055 8.9 10 Best
GA_R6 (SCPT) 30.53 30.53 7.84 \0.055 6.0 10 Fourth
GA_R7 (ECT) 28.31 28.31 0.00 0.055 9.2 10 Best

*GA_Rn stands for GA combined with Rule n.
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and solved by OSL, and the results are presented in Table 2
under the original model.

Actually, the single-stage problem can be regarded as an
irregular assignment problem in which the orders to be proc-
essed by each unit can be limited under a certain number n.
The value of n can be chosen through logical estimation and
a ‘‘trial and error’’ method. This is in all aspects similar to
the well-known method of searching the global optimal solu-
tion over different values of the number of event points in
time grid based, continuous-time formulations. Furthermore,
the value of Big M also influences the performance of the
model. Theoretically, the value of the Big M is not usually
so critical in the MILP models performance especially in
larger-sized problems. A rough approximation is often made
around the approximated scheduling horizon. Models relying
on the use of Big M comprise other disadvantages such as a
larger integrality gap while solving. However, computational
experiments show that a proper value of Big M has heavier
effect on the performance of the model studied. If the Big M
is selected a suitable value, much computational effort can
be saved in obtaining a better solution. In the bi-index MILP
model12 and the tri-index model,10 these two factors were
not under consideration. Therefore, besides the constraints in
the bi-index model, another constraint is given as follows:

XN

i¼1

Wiu � n ðn � NÞ (7)

where Wiu is a binary variable to express the assignment of
order i to unit u. If order i is assigned to unit u, then Wiu 5
1; else, Wiu 5 0. The results of Example 1 by the improved
model are also presented in Table 2.

As for the MILP model, our computational experiments
show the following phenomena or difficulties:

1. The MILP model has to run for a certain number of
iterations before it finds a feasible solution. For instance, in
solving Example 1, at iteration 592 by the original model,
and at iteration 844 by the improved model, the GAMS
showed ‘‘No integer solution yet.’’ In solving more large-size
problems by MILP, it takes much more iterations (or CPU
time) to get a feasible solution.

2. At the early stage of the computation, solution quality
increases quickly. However, after running for some time, it
often takes relatively long time to get another better solution.
Example 1 is a small-size problem, but even at iteration
3,000,000 which takes about 20 min, the best solution with a
makespan 28.31 is not achieved by the original model. With

the problem size increasing, the search time to find a ‘‘good
enough’’ solution is getting unbearable.

3. Theoretically, MILP can find the optimal solution to a
problem if given enough time. However, even if the best so-
lution is found, a lot effort or time may be required to prove
optimality. For some small-size problems, the optimum may
be found within a small number of iterations. In solving
Example 1 by the improved model, the makespan 28.31 was
obtained at iteration 26,149, but until iteration 3,000,000, the
optimum had not been affirmed. If the problem size
increases, the search time to affirm the optimum is getting
more unbearable.

4. After the basic model has been established, adding
some constraints (e.g. Eq. 7) or changing the parameters in
the existing constraints (e.g. the Big M) makes it possible to
get much better solutions within shorter time. To do this, a
‘‘trial and error’’ method has to be used. A lot of time is
needed to find the suitable parameters in the constraints.
Hence simulation experiments are required to refine the
MILP model.

In the literature,10,12 a heuristic is adopted to reduce search
space—orders assigned to a unit are processed in a sequence of
increasing due dates. By this way, search time is reduced, but
the optimum of the original problem cannot be guaranteed.

In the following sections of this paper, heuristic and meta-
heuristic methods are studied. These methods can easily
obtain ‘‘good enough’’ solutions within reasonable computa-
tional time, although they cannot prove the optimality. To
evaluate the performance of the algorithms, the following cri-
teria are used: (1) the best solution that the algorithm
obtains; (2) computational time; (3) the mean objective value
of the computational tests; (4) the deviation from the best
solution obtained up to now. For large-size problems, we

Table 7. Results of Example 1 by GA Combined with Different Rules (min F)

Method Best F Mean F Mean Dev. from Optimum Mean CPU Time, s Mean Iterations Tests Rule Quality

GA_R1 (FAU)* 75.35 75.98 3.53 0.072 22.5 10 Worst
GA_R2 (SCT) 73.55 73.76 0.50 0.055 21.4 10 Second
GA_R3 (SPT) 73.39 73.39 0.00 \0.055 10.8 10 Best
GA_R4 (EST) 75.35 75.89 3.40 0.061 23.5 10 Fourth
GA_R5 (SPsPT) 75.35 75.35 2.67 0.055 17.4 10 Third
GA_R6 (SCPT) 73.39 73.39 0.00 \0.055 10.5 10 Best
GA_R7 (ECT) 75.35 75.35 2.67 0.055 17.4 10 Third

*GA_Rn stands for GA combined with Rule n.

Figure 5. An optimal schedule of Example 1.
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cannot expect to find globally optimal solutions within a rea-
sonable time. Therefore, relative deviations from the best sol-
utions are used as the criteria for evaluation.34,35 Relative
deviation is calculated with respect to the best (or optimal)
solution obtained up to now. For makespan, we have:

Dev: from bestð%Þ ¼ 100

3 ½ðalgorithm makespan�best makespanÞ=best makespan�
(8)

Rule Construction Based on Impact
Factors Analysis

Due to difficulties with MILP in solving large-size sched-
uling problems, other alternative approaches can be applied,
such as CP and MILP/CP,19 list scheduling (using scheduling
rules), random search plus heuristic rules,27 and meta-heuris-
tic methods.31 In our previous work on random search and
GA combined with heuristic rules, the heuristic rules were
selected from a candidate rule base, which was randomly
constructed just for illustration of the methods. Since heuris-
tic rules are important to reduce search space, we should
construct the rule base scrupulously and not excluding possi-
bly useful rules. In practice, the rule base can be enlarged if
necessary, according to our experience and knowledge. In
the algorithms, each rule needs a subroutine. When the rule
base is large, the workload to write code will be huge. Fur-
thermore, to manage a large rule base is also a tough task.
So it is desirable that a comprehensive, but not large, rule
base is constructed. This is the reason why we propose a rule
combination method based on impact factors analysis. We
hope to establish an efficient, considerate but not too large
rule base for a category of scheduling objectives. This paper
is limited to the rule combination method for makespan-
related objectives.

Impact factors analysis

Impact factors are the basic parameters or variables of
each order, which impact on objective value. If a scheduling
objective is time-based, then the factors impacting on objec-
tive value are also time-based. For example, in SMSP, for
minimization of the makespan-related objectives, the factors
that impact on the objective value are the possible start time
(PsT), changeover time (CT), and process time (PT) of each
order. CT and PT are easily understood from Table 1. What
is the PsT?

Let us use Figure 1 to explain the PsT. Assume that we
have an order sequence p 5 (6, 2, 5, 4, 3, 7, 8, 1, 9, 10),
and the former six orders (6, 2, 5, 4, 3, 7) have been
assigned to the units, order 8 is to be assigned now. Order 8
has three PsT, the completion times of order 4, 3, and 7.
Order 8 may be assigned following order 4, 3, or 7. Even if
order 8 is decided to follow order 4, the completion time of
order 4 is still PsT of order 8, but not the start time (ST),
because there is a CT between order 4 and 8. The ST is
equal to the PsT plus the CT. It can be easily found that the
PsT is order sequence dependent and unit dependent.

If unit setup time (UsT) is required when starting a proc-
essing of an order (as in MMSP),33,36 then the UsT of an
order becomes another impact factor on scheduling objective.
All of these factors are time-based. Under certain circum-
stance, two or more factors can be united to one factor. For
instance, if the UsTs and PTs of the orders are all unit de-
pendent, then the factor UsT and PT can be composed to-
gether as a united factor. The adoption of a united factor sub-
sequently simplifies the factor combination and rule combi-
nation. Assume that the number of the impact factorsFigure 7. Evaluation procedure in ARS1.

Figure 8. New evaluation procedure in ARS2.

Figure 6. A mixed chromosome in ARS.
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considered in the problem is nf. In this paper, we use the
instances with nf 5 3 to illustrate our approach.

Rule combination

The purpose of rule combination is to find all the useful
but not redundant rules for a category of scheduling objec-
tives. When using the rules we have two assumptions: (1)
Any time when we consider a rule, we mean that the rule
must involve one certain factor or more; (2) We only con-
sider favorable rules. Under these two assumptions, a simple
rule is defined as a rule that involves only one of the impact
factors of the problem. What is the relationship between a
simple rule and a factor? In general, a factor corresponds to
two simple rules: one is in favor of the selected scheduling
objective; another is an unfavorable rule. For example, SPT
(shortest process time first) is a simple rule in favor of mini-
mization of the makespan-related objectives; but LPT (lon-
gest process time first) is the unfavorable one. When we
mention the simple rules later, we refer to the favorable
ones. Based on this assumption, each factor corresponds to
one simple rule as shown in Table 4. Hence, the number of
the simple rules, ns equals to the number of the factors nf:

ns ¼ C1
nf
¼ nf ; (9)

where C1
nf

represents the number of the combinations of nf
elements taken one at a time.

A compound rule is defined as a rule that involves two or
more factors. In a compound rule, two or more factors are

considered simultaneously. For instance, as stated previously
(see Figure 1), the ST is equal to the PsT plus the CT, hence
the rule EST (earliest start time) involves the two factors,
PsT and CT. When we mention the compound rules later, we
also refer to the favorable ones. If there are nf factors consid-
ered, then the number of compound rules is nc:

nc ¼ C2
nf
þ C3

nf
þ � � � þ Cnf

nf
(10)

Table 3 shows a rule calculation based on impact factors.
In SMSP, for minimization of makespan-related objectives,
the main three impact factors are PsT, CT, and PT. Consider-
ing these three impact factors, seven unit selection rules are
summarized in Table 4. Rules 1–3 are simple rules, and
Rules 4–7 are compound rules.

Performance of different rules

Natural numbers 1, 2, 3, . . . , N are used to denote N orders
in SMSP. An order sequence p 5 (p1, p2, p3, . . . , pN) is pro-
duced randomly, pi [ {1, 2, 3, . . . , N }, i 5 1, 2, 3, . . . , N.
And then, from p1 to pN, one by one, each order will be
assigned to the units according to a certain heuristic rule
above. As a result, a schedule is formed with an objective
value, f(p). f(p) can be calculated by the functions 1–6.

Figure 2 is the procedure to synthesize an order sequence
into a schedule according to one selected rule.

Assume that a random order sequence is p 5 (3, 2, 7, 6,
4, 5, 9, 10, 1, 8) in Example 1. The above seven rules are
used, respectively, to assign all the orders in the order
sequence to the units, and different schedules with various

Table 8. Results of Example 1 by ARS (min Cmax)

Test

ARS1 ARS2

Cmax CPU Time, s Iterations Rule Selected Cmax CPU Time, s Iterations Rule Selected

1 28.31 0.055 8 Rule 5 28.31 0.110 7 Rule 7
2 28.31 0.055 10 Rule 5 28.31 0.160 9 Rule 7
3 28.31 0.055 10 Rule 7 28.31 0.160 8 Rule 7
4 28.31 0.055 8 Rule 5 28.31 0.160 9 Rule 7
5 28.31 0.055 9 Rule 5 28.31 0.160 8 Rule 5
6 28.31 0.055 8 Rule 5 28.31 0.160 9 Rule 7
7 28.31 0.055 11 Rule 7 28.31 0.110 8 Rule 7
8 28.31 0.055 9 Rule 5 28.31 0.220 11 Rule 7
9 28.31 0.055 13 Rule 5 28.31 0.160 8 Rule 7
10 28.31 0.055 11 Rule 7 28.31 0.160 9 Rule 7
Mean 28.31 0.055 9.7 28.31 0.160 8.6

Table 9. Results of Example 1 by ARS (min F)

Test

ARS1 ARS2

F CPU Time, s Iterations Rule Selected F CPU Time, s Iterations Rule Selected

1 73.39 0.110 11 Rule 6 73.39 0.220 13 Rule 6
2 73.39 0.110 12 Rule 3 73.39 0.160 11 Rule 6
3 73.39 0.110 13 Rule 3 73.39 0.160 8 Rule 6
4 73.39 0.110 13 Rule 6 73.39 0.160 10 Rule 6
5 73.39 0.110 12 Rule 3 73.39 0.160 12 Rule 6
6 73.39 0.110 17 Rule 6 73.39 0.220 13 Rule 6
7 73.39 0.110 15 Rule 3 73.39 0.160 11 Rule 6
8 73.39 0.110 14 Rule 6 73.39 0.160 8 Rule 6
9 73.39 0.110 13 Rule 3 73.39 0.160 11 Rule 6
10 73.39 0.110 14 Rule 6 73.39 0.160 11 Rule 6
Mean 73.39 0.110 13.4 73.39 0.172 10.8
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objective values are formed (see Table 5 and Figure 3). For
Cmax, T, and TC, Rule 7 is the first best rule, Rule 6 the sec-
ond. But for F and TF, Rule 6 is the first best rule, Rule 5
the second. For the same order sequence, when different
rules are used for assignment, different quality schedules are
obtained.

Simulation Experiments of GA Combined
with Different Rules

GA procedure

When GA is applied to solve a sequential scheduling prob-
lem, solutions to the problem are represented by chromo-
somes. Permutation-based representation is adopted in our
work, which is a kind of integer coding. As stated previ-
ously, natural numbers 1, 2, 3, . . . , N are used to denote N
orders. A random order sequence p 5 (p1, p2, p3, . . . , pN) is
produced, pi [ {1, 2, 3, . . . , N}. p is called a chromosome
in GA. For example, p 5 (6, 3, 5, 4, 8, 2, 7, 1, 9, 10) is a
sample chromosome of the 10-order problem in Example 1.
The evaluation of a chromosome is a process to synthesize
the chromosome (according to a preselected heuristic rule)
into a schedule with an objective value. The process is
shown in Figure 2. Traditionally, only one rule is applied for
the evaluation of all the chromosomes in the GA process.

At the beginning of GA, an initial generation of chromo-
somes is produced randomly. Assume the number of chromo-
somes in the initial generation is popsize, which depends on
the problem size and is an important parameter in GA for
controlling the solution quality. In all the GAs in this paper,
popsize 5 200. At every iteration of GA, a new generation
will be produced through crossover, mutation, and selection,
and popsize will remain constant. Throughout genetic evolu-
tion, because of the mechanism of selection, crossover, and
mutation, good-quality offspring are born from the previous
generation (parents). Generation by generation, stronger chro-
mosomes are the survivors in a competitive environment. At
the end of GA, optimal or near-optimal solutions can be
achieved. The detailed components of GA were described in
the paper.31 The procedure of GA is shown in Figure 4.

Assume the number of the chromosomes that are selected
from a generation to crossover is xsize; the number of the
chromosomes that are selected from the generation to mutate
is msize. We can let xsize þ msize ¼ popsize. The ratio Cr

5 xsize/popsize is called crossover rate, often Cr [ [0.5,
0.9]; and the ratio Mr 5 xsize/popsize called mutation rate,
often Mr [ [0.1, 0.3]. So Cr 1 Mr 51. Cr and Mr are two im-
portant parameters that influence the convergent performance
of GA. In general, if Mr increases, GA converges slowly on
a final solution, and thus, GA has more chances to arrive at
better solutions. But if Mr is too large, GA tends to be like

Figure 9. Evaluation procedure in RSE1.
Figure 10. New evaluation procedure in RSE2.

Table 10. Results of Example 1 by RSE (min Cmax)

Test

RSE1 RSE2

Cmax CPU Time, s Iterations Rule Sequence P1 Cmax CPU Time, s Iterations Rule Used to Assign pi

1 28.31 0.110 10 7 6 4 3 1 5 2 28.31 0.160 9 Rule 7 or 4
2 28.31 0.110 9 7 3 6 5 1 2 4 28.31 0.160 9 Rule 7, 5, or 4
3 28.31 0.110 9 5 7 4 3 2 1 6 28.31 0.110 7 Rule 7
4 28.31 0.110 11 5 7 3 4 1 2 6 28.31 0.110 7 Rule 7
5 28.31 0.055 8 5 6 4 2 1 3 7 28.31 0.220 12 Rule 7
6 28.31 0.055 10 7 4 5 6 2 1 3 28.31 0.160 9 Rule 7
7 28.31 0.110 12 5 7 4 2 3 6 1 28.31 0.110 8 Rule 7
8 28.31 0.110 11 5 1 3 6 2 7 4 28.31 0.220 10 Rule 7 or 5
9 28.31 0.055 9 7 2 1 6 4 3 5 28.31 0.160 10 Rule 7
10 28.31 0.055 8 5 7 6 4 3 2 1 28.31 0.160 8 Rule 7 or 4
Mean 28.31 0.088 9.7 28.31 0.160 8.9
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random search. In all the GAs in this paper, we let Cr 5 0.8
and Mr 5 0.2. Due to popsize 5 200, we get xsize 5 160
and msize 5 40. The termination criteria for GA is that the
algorithm stops when the objective value difference between
the worst chromosome and the best one in the current gener-
ation is equal to or less than 0.001.

Results of Example 1 by GA combined with
different rules

GA was combined with the seven rules in Table 4, respec-
tively, for solving Example 1. Tables 6 and 7 present the
results of Example 1 by GA combined with different rules.
For each method, 10 tests of computation were performed.
The makespan of the optimal schedules is 28.31. It can be
seen that from Table 6: (1) Rules 5 and 7 are the best rules
that enables the GA to obtain the optimal makespan in every
test. (2) Rules 1, 2, and 4 are also good rules, but do not
enable GA to obtain the optimal makespan in every test. (3)
The other two rules are poor-quality rules that never enable
the GA to obtain the optimal makespan. Rule 3 is the worst.
An optimal schedule obtained by GA combined with Rule 7
is shown in Figure 5, where p 5 (8, 7, 4, 2, 1, 6, 9, 3, 10,
5), f(p) 5 Cmax 5 28.31.

Table 7 shows that: (1) Rules 3 and 6 are the best rules
that enable GA to obtain the optimal F in every test. (2)
Rule 2 is also a good rule, but not to enable GA to obtain
the optimal F. (3) The other four rules are poor-quality rules
that never enable GA to obtain the optimal F. Rule 1 is the
worst. Rule 3 is a simple rule, which shows that effective
rules for optimized objectives are not always compound rules.

A comparison of Tables 6 and 7 shows that, for the same
problem, when the scheduling objective is changed the effec-
tive rules are also changed. In order to select the suitable
rules, tedious simulating experiments are needed. To over-
come this drawback, an ARS method is proposed.

ARS Based on the New Rule Base
(ARS1/ARS2)

In our previous work, ARS was studied. The purpose of
ARS is to determine the best rule from the rule base SR (as

shown in Table 4) for synthesizing an order sequence into a
schedule. GA is still used for this purpose. The basic struc-
ture of GA for ARS is the same as described previously (see
Figure 4), but the representation of, and the evaluation proce-
dure for a chromosome in GA are changed.

Mixed chromosome and evaluation procedure in ARS

For ARS and later RSE, mixed chromosomes are adopted.
Assume that the number of rules in the candidate rule base
SR is R, and natural numbers 1, 2, 3, . . . , R are used to
denote R rules. A mixed chromosome P 5 (P1, P2) consists
of two parts: P1 5 (c1, c2, c3, . . . , cR) is a rule sequence, ck
[ {1, 2, 3, . . . , R}, k 5 1, 2, 3, . . . , R; and P2 5 (p1, p2,
p3, . . . , pN) is an order sequence, pi [ {1, 2, 3, . . . , N}, i 5
1, 2, 3, . . . , N. For chromosomes in the initial generation,
each part of the chromosome is produced randomly. Figure 6
shows a sample mixed chromosome, in which seven rules
are available for selection when synthesizing the order
sequence into a schedule.

The original evaluation procedure31 of a chromosome P in
ARS can be simplified as the new one shown in Figure 7.
The evaluation of a chromsome P is to use the first rule Rule
c1 in P1 to synthesize P2 into a schedule with an objective
value, f(P). f(P) can be calculated by the functions 1–6. Ev-
ery order pi in P2 is assigned to the units according to the
same Rule c1 in P1. Rule c1 will be changed with different
chromosomes. Let us call the original ARS as ARS1.

A feasible chromosome is the one that can be synthesized
into a schedule by using a rule. In Example 1, there is no CP
constraint, so every chromosome is feasible. However, in
problems with CP constraints, e.g. Example 3, some chromo-
somes may be infeasible. In this case, a penalty method is
used to handle the CP constraints, which is described in the
section of Case Study.

In our new ARS (called ARS2), the new evaluation proce-
dure of a chromosome P is shown in Figure 8. In this proce-
dure, we try all rules in the rule sequence P1 and select the
best one to synthesize P2 into a schedule. In fact, the mixed
chromosomes in ARS2 are not necessary, and P1 can be
omitted. The reason for this is obvious. Through comparison
study, we have found that ARS2 performs better than ARS1.
ARS2 is capable of obtaining better solutions for large-size
problems than ARS1. Why? In ARS2, every current order
sequence is synthesized into schedules by all the rules, and
the best schedule is used to evaluate the chromosome con-
taining the order sequence. If ARS1 and ARS2 search the
same number of chromosomes (with the same popsize) at
each iteration, ARS2 explores more schedules than ARS1,
though ARS2 is a little more time-consuming. Therefore

Table 11. Situation of the Two-Factor Combination

Operator Combination Factor Sequence Factor Combination

1 . . .\. . . AB A\B
BA B\A

2 . . .|. . . AB A|B
BA B|A

Table 12. Calculation of the Number of Factor Combinations

Impact Factors Operator Combinations Factor Sequences Factor Combinations Equivalent Combinations

2 21 5 2 P2
2 5 2 2 3 2 5 4 23C2

2 5 2
3 22 5 4 P3

3 5 6 4 3 6 5 24 C2
3 þ 23C3

3 5 5
4 23 5 8 P4

4 5 24 8 3 24 5 192 C2
4 þ C3

4 þ 23C4
4 5 12

5 24 5 16 P5
5 5 120 16 3 120 5 1920 C2

5 þ C3
5 þ C4

5 þ 23C5
5 5 27

. . . . . . . . . . . . . . .
nf 2nf�1 Pnf

nf
2nf�13Pnf

nf
C2
nf
þ C3

nf
þ � � � þ 23Cnf

nf
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ARS2 has more chances to find better solutions than ARS1,
though ARS2 is more time-consuming.

Results of Example 1 by ARS

Due to the evolution mechanism, GA will automatically
select a suitable rule to synthesize an evolved order sequence
into a high quality schedule. Table 8 presents the results of
minimization of the makespan (Cmax) for Example 1 by
ARS1 and ARS2. ARS1 automatically selected Rule 5 or 7
to synthesize the schedule and achieved the optimal make-
span in every test of computation. Table 9 presents the
results of minimization of the total flow time (F) for Exam-
ple 1 by ARS1 and ARS2. ARS1 automatically selected Rule
3 or 6 to synthesize the schedule and achieved the optimum
in every test of computation. It can be seen that the effective
rules automatically selected by ARS are consistent with the
results of the simulation experiments of GA combined with
different rules.

From Tables 8 and 9, we can see that both ARS1 and
ARS2 find the best solution of Example 1. But ARS2 is able
to find the best solution within a smaller number of itera-
tions. As in ARS2 to synthesize an order sequence into a
schedule, all the rules, rather than one rule in ARS1, are tried
and the best rule selected, it is reasonable that ARS2 is a lit-
tle more time-consuming. If the problem size increases (e.g.
examples in the Case Study), ARS2 is still able to find the

similar or better solutions to the problem within a smaller
number of iterations.

RSE Based on the New Rule Base
(RSE1/RSE2)

In our previous work, RSE was also studied. In ARS1,
only one rule is used for assigning all of the orders in an
order sequence to the units. If the rule failed, a new chromo-
some has to be generated. To increase the chance for an
order sequence to form a feasible schedule, all rules in the
candidate rule base SR can be tried. That is why a rule
sequence is used for assigning an order. The use of a rule

Table 13. Factor Combinations and Equivalent Combinations of the Three-Factor Problem

Operator Combination
Factor

Sequence

Combination Example

Factor
Combination

Equivalent
Combination

Factor
Combination

Equivalent
Combination

Rules
Concerned

1 . . .\. . .\. . . ABC A\B\C A\B\C PsT\CT\PT PsT\CT\PT ECT
ACB A\C\B PsT\PT\CT
BAC B\A\C CT\PsT\PT
BCA B\C\A CT\PT\PsT
CAB C\A\B PT\PsT\CT
CBA C\B\A PT\CT\PsT

2 . . .\. . .|. . . ABC A\B|C A\B|C PsT\CT|PT PsT\CT|PT EST|SPT
BAC B\A|C CT\PsT|PT
BCA B\C|A B\C|A CT\PT|PsT CT\PT|PsT SCPT|FAU
CBA C\B|A PT\CT|PsT
ACB A\C|B A\C|B PsT\PT|CT (PsT\PT)|CT SPsPT|SCT
CAB C\A|B PT\PsT|CT

3 . . .|. . .\. . . ABC A|(B\C) A|(B\C) PsT|(CT\PT) PsT|(CT\PT) FAU|SCPT
ACB A|(C\B) PsT|(PT\CT)
BAC B|(A\C) B|(A\C) CT|(PsT\PT) CT|(PsT\PT) SCT|SPsPT
BCA B|(C\A) CT|(PT\PsT)
CAB C|(A\B) C|(A\B) PT|(PsT\CT) PT|(PsT\CT) SPT|EST
CBA C|(B\A) PT|(CT\PsT)

4 . . .|. . .|. . . ABC A|B|C A|B|C PsT|CT|PT PsT|CT|PT FAU|SCT|SPT
ACB A|C|B PsT|PT|CT
BAC B|A|C CT|PsT|PT
BCA B|C|A CT|PT|PsT
CAB C|A|B PT|PsT|CT
CBA C|B|A PT|CT|PsT

Total 24 5 24 5 7

Figure 11. A sample mixed chromosome for ARC. Figure 12. Evaluation procedure in ARC.
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sequence can increase the feasiblity of an order sequence.
The aim of RSE is to find out the best rule sequnence to syn-
thesize an order sequence into a schedule. GA is still applied
for this porpose. In RSE, chromosome representation is
the same as that in ARS, and the basic stucture of GA is the
same as before (see Figure 4). The only difference is
the evaluation of chromosome P with a rule sequence.

Evaluation procedure in RSE

The original evaluation procedure of a chromosome P by
a rule sequence P1 is shown in Figure 9. If a rule ck in P1

fails to assign an order pi in P2, the next rule is tried until
the order is assigned successfully. If all rules fail to assign
an order to one of the units, then the chromosome is infeasi-
ble, and a new chromosome is regenerated. In Example 1,
without CP constraints, forbidden assignments do not exist.
However, in coming Example 3, with CP constraints, forbid-
den assignments do exist. For instance, in case of forbidden
changeover, the rule shortest changeover time (SCT) may
fail to assign an order. The rule sequence P1 will be changed
with different chromosomes. At the end of GA, the best P1

will be evolved, and an evolved order sequence P2 is synthe-
sized into a high quality schedule by P1. Let us call the orig-
inal RSE as RSE1.

In our new RSE (called RSE2), the new evaluation proce-
dure of a chromosome P is shown in Figure 10. In this pro-
cedure, we try all rules in the rule sequence P1 and select the
best feasible rule to assign pi to a unit. The criterion to judge
the rule used in RSE2 depends on the scheduling objective
to be optimized. For the minimization of makespan, the com-
pletion time of the order is the criterion to judge the rule
used. Similarly, the mixed chromosomes in RSE2 are not

necessary, i.e., P1 can be omitted. Through comparison
study, we have found that RSE1 performs better that RSE2.
Why? In RSE2, trying to use the best rule to assign a local
pi among an order sequence, the schedule from the total
order sequence is not certainly of high quality. The objective
to be optimized is the performance criteria of the final sched-
ule in which all the orders are contained, but not the per-
formance criteria of a single order.

Results of Example 1 by RSE

Table 10 presents the results of minimization of the make-
span (Cmax) for Example 1 by RSE1 and RSE2. RSE1 finally
evolved a rule sequence to synthesize the schedule and
achieved the optimum in every test, and Rule 7 or 5 plays
the best role in the rule sequence. In RSE2, the final sched-
ule was synthesized by Rule 7, 5, or 4. In most tests, only
Rule 7 was selected to synthesize the final schedule. In some
tests, two or three rules were used.

ARC Approaches

In ARS and RSE, a full rule sequence is utilized to synthe-
size an order sequence into a schedule. In fact, for a particu-
lar problem, some impact factors are not such significant as
the others. As consequence, the related rules are not such im-
portant as the others. Therefore, if full rule sequences are
always used, the less important rules waste computational
resources. That is why we propose ARC approaches. GA is
still used for this purpose. The basic structure of GA for the
ARC is the same as previous (see Figure 4), but the repre-
sentation and the evaluation procedure of a chromosome in
the GA are changed.

Table 14. Rule Combinations and the Corresponding Partial Rule Sequences

Operator Combination Equivalent Combination

Example

Equivalent Combination Rules Concerned Rule Sequence

1 . . .\. . .\. . . A\B\C PsT\CT\PT ECT 7 0 0
A\B|C PsT\CT|PT EST|SPT 4 3 0

2 . . .\. . .|. . . B\C|A CT\PT|PsT SCPT|FAU 6 1 0
A\C|B (PsT\PT)|CT SPsPT|SCT 5 2 0
A|(B\C) PsT|(CT\PT) FAU|SCPT 1 6 0

3 . . .|. . .\. . . B|(A\C) CT|(PsT\PT) SCT|SPsPT 2 5 0
C|(A\B) PT|(PsT\CT) SPT|EST 3 4 0

4 . . .|. . .|. . . A|B|C PsT|CT|PT FAU|SCT|SPT 1 2 3

Table 15. The Ways of Schedule Synthesis of a Chromosome in Different ARC Methods

Approach Description of Schedule Synthesis of a Chromosome P 5 (P1, P2, P3) Quality

ARC1 Try all rules in the partial rule sequence and select the best one to synthesize the entire order
sequence P3 into a schedule (Each order is assigned by the same rule)

Good

ARC2 Try all rules in the partial rule sequence and select the best one to assign each order pi in P3 to a unit
(Different order may be assigned by a different rule)

Bad

ARC3 Try one rule in the partial rule sequence to synthesize the entire order sequence P3 into a schedule
(Each order is assigned by the same rule)

Bad

ARC4 Try one rule in the partial rule sequence to assign each order pi in P3 to a unit (Different order may
be assigned by a different rule)

Good

ARC5 Try all the equivalent combinations from P1 and P2, and select the best combination to synthesize the
entire order sequence P3 into a schedule

Best
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Factor combination logic

In schedule synthesis, to increase the feasibility and/or
quality of the solution, sometime we must consider two or
more factors simultaneously and sometime we need to con-
sider one or another factor. Usually, we rely on logical oper-
ators to express the relationships between factors. Factor
combination is realized by combination of the operators and
the factors. For the factor combination, ‘‘AND’’ and ‘‘OR’’
are used in this paper, and ‘‘\’’ and ‘‘|’’ stand for ‘‘AND’’
and ‘‘OR,’’ respectively.

If nf 5 2, ‘‘A\B’’ means that we should consider two
factors A and B simultaneously, and obviously, we have
A\B 5 B\A. Similarly, ‘‘A|B’’ means that we should
consider one of the two factors, A or B, and also we have
A|B 5 B|A. Table 11 shows the situation of the two-fac-
tor combination. The situation of three-factor combination is
presented in Table 13.

Table 12 shows how to calculate the number of factor
combinations. If there are three factors (nf 5 3) for combina-
tion, then there are 22 5 4 operator sequences, and P3

3 5 6
factor sequences, the total number of factor combinations is
4 3 6 5 24. If there are 4 or 5 factors for combination, the
total number of factor combinations is 192 or 1920. With the
increase of the factors considered, the number of the factor
combinations will be huge. Hence, it seems impossible to
use every factor combination for schedule synthesis. Fortu-
nately, the number of equivalent combinations is far smaller
than the number of the factor combinations. Then, what is an
equivalent combination?

Equivalent combination

According to A\B 5 B\A, if the logical relationships
between all the factors (or part of the factors) are ‘‘\’’ in
the combinations, then no matter what the sequence of the
factors is, these combinations are equivalent, and we can use
one of them as an equivalent combination. Similarly, accord-
ing to A|B 5 B|A, if the logical relationships between all
the factors (or part of the factors) are ‘‘|’’ in the combina-
tions, then no matter what the sequence of the factors is,
these two combinations are equivalent, and we can use one
of them as an equivalent combination. From Table 12, it is
observed that, for a three-factor problem, although there are
24 factor combinations, the number of equivalent combina-
tions is only 5; for a five-factor problem, there are 1920 fac-
tor combinations, but the number of equivalent combinations
is only 27. Table 13 shows the details of factor combinations
and equivalent combinations of the three-factor problem.

Relationship between equivalent combination and
rule combination

When the operator \ appears in an equivalent combina-
tion, a compound rule is needed. For example, if the CT and
the PT of order j are considered simultaneously, Rule 6
(SCPT) is the right rule; if three factors are considered at the
same time, Rule 7 (ECT) is the right rule. If the operator |
appears, two or more rules may be needed. For example, if
the CT or the PT is considered, Rule 2 or 3 should be used.
From Table 13, an equivalent combination may be concerned

Table 16. Results of Example 1 by ARC (min Cmax)

Test

ARC1 ARC5

Cmax CPU Time, s Iterations o1 in P1 P2 Final Rule Used Cmax CPU Time, s Iterations Final Rule Used

1 28.31 0.110 8 1 2 3 1 7 28.31 0.160 9 7
2 28.31 0.055 8 1 1 3 2 7 28.31 0.160 9 7
3 28.31 0.110 9 1 1 2 3 7 28.31 0.110 8 5
4 28.31 0.110 10 1 2 1 3 7 28.31 0.110 7 7
5 28.31 0.110 16 1 1 3 2 7 28.31 0.160 9 5
6 28.31 0.110 12 1 2 1 3 7 28.31 0.160 8 7
7 28.31 0.055 10 1 1 3 2 7 28.31 0.160 9 5
8 28.31 0.055 9 2 1 3 2 5 28.31 0.110 8 5
9 28.31 0.110 11 1 3 1 2 7 28.31 0.160 8 5
10 28.31 0.160 14 2 1 3 2 5 28.31 0.160 9 7
Mean 28.31 0.099 10.7 28.31 0.145 8.4

Table 17. Differences Between Examples 2, 3 and 4

Example 2 Example 3 Example 4
N, M N 5 50, M 5 4 N 5 50, M 5 4 N 5 100, M 5 8

cij and pju Without CP constraints, no cij in the
changeover time matrix is null and no
pju in process time matrix is null

With CP constraints, some of cij in the
changeover time matrix are null and
some of pju in process time matrix
are null

Without CP constraints, no cij in the
changeover time matrix is null and no
pju in process time matrix is null.
cij and pju are generated randomly:
cij [ (0.10, 2.00), pju [ (5.0, 20.00).

dj With a finite value With a finite value dj is generated by random, dj [ [20, 80]
orj orj 5 0 With a finite value orj is generated by random, orj [ [0, 6]
uru uru 5 0 With a finite value uru is generated by random, uru [ [0, 3]
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with one rule, two rules, or three rules. If all the operators
between the factors are ‘‘\’’, the factor combinations can be
changed into an equivalent combination that corresponds
to one compound rule. If ‘‘|’’ exists in the factor combina-
tion, its equivalent combination corresponds to two rules
or three rules. For Example, the equivalent combination
PsT|CT|PT corresponds to a three-rule sequence
FAU|SCT|SPT (1 2 3). Generally, a three-rule sequence
can be used to correspond to an equivalent combination. If
the number of rules is less than three in the rule sequence,
then ‘‘null’’ rule (0) is used to supplement the rule sequence.
For example, PsT\CT\PT corresponds to EST|null|null
(7 0 0). Contrasted to a full rule sequence in ARS or RSE
that consists of all the rules in the rule base, a three-rule
sequence is a partial rule sequence.

What kind of logic should be applied when using a partial
rule sequence to synthesize an order sequence into a sched-
ule? If a partial rule sequence involves one rule, just use the
rule for schedule synthesis as before. If a partial rule
sequence involves two rules or three rules, the following
logic can be utilized to evaluate a order sequence: (a) use
any one rule for schedule synthesis; (b) select the best rule
for schedule synthesis; (c) try one rule first, if it fails, then
try another rule. Therefore, the operator ‘‘|’’ in the rule
sequence has the meaning of ‘‘OR’’ or ‘‘THEN.’’ In coding
of the algorithm, ‘‘OR’’ or ‘‘THEN’’ can be selected. Up to
now, the purpose of factor combination is evident. Through
factor combination, a partial rule sequence can be obtained
to synthesize an order sequence into a schedule.

Representation and evaluation of a mixed chromosome
in ARC

Assume that the number of the factors is nf, and natural
numbers 1, 2, 3, . . . , nf are used to denote the nf factors. A
mixed chromosome P 5 (P1, P2, P3) consists of three parts:
P1 5 (o1, o2, o3, . . . , o2nf�1 ) is a operator combination
sequence, ok [ {1, 2, 3, . . . , 2nf�1}, k 5 1, 2, 3, . . . , 2nf�1;
P2 5 (u1, u2, u3, . . . , unf ) is a factor sequence, uj [ {1, 2,
3, . . . , nf}, j 5 1, 2, 3, . . . , nf; and P3 5 (p1, p2,
p3, . . . , pN) is an order sequence, pi [ {1, 2, 3, . . . , N}, i 5
1, 2, 3, . . . , N. For the chromosomes in initial generation,
each part of the chromosome is produced randomly. Figure
11 shows a sample mixed chromosome in ARC, in which
there are three (nf 5 3) factors considered, and 2nf�1 5 4 op-
erator combinations (see Table 12).

The order sequence P3 in a mixed chromosome P would
be synthesized into a schedule according to the operator
combination sequence P1 and the factor sequence P2 with
two steps (see Figure 12):

Step one: Utilize the operator combination sequence P1

and the factor sequence P2 to conduct rule combination
based on the principle shown in Table 13, and obtain a rule
sequence (see Table 14).

Let us take the sample chromosome in Figure 11 as an
example. For the first digit ‘‘2’’ in the operator combination
sequence P1, its corresponding operator combination is
‘‘. . .\. . .|. . .’’; the factor sequence P2 is ‘‘3 1 2’’ (that is
‘‘CAB’’ in Table 13). According to Table 13, we get equiva-
lent combination ‘‘A\C|B.’’ In Example 1, the equivalent
combination is ‘‘(PsT\PT)|CT,’’ and hence the rules con-
cerned is ‘‘SPsPT|SCT.’’ Eventually, we get the partial rule
sequence ‘‘5 2 0,’’ which is the partial rule sequence to be
used in Step two for schedule synthesis. For the other three
digits ‘‘3, 1, 4’’ in the operator combination sequence, their
equivalent combinations and corresponding partial rule
sequences can be achieved in a similar way.

Step two: Utilize the partial rule sequence to synthesize
the order sequence P3 into a schedule. In the previous sec-
tions, we discussed how to select one rule or use a (full) rule
sequence to synthesize an order sequence into a schedule.
Here the partial rule sequence involves one rule (at least) to
three rules (at most). Table 15 shows the ways of schedule
synthesis of a chromosome P 5 (P1, P2, P3) in different
ARC approaches (ARC1–5). In ARC1–4, only the first digit
of the operator combination sequence P1, together with the
factor sequence P2, is used for rule combination in Step one,
so that only one of the partial rule sequences in Table 14 is
used for schedule synthesis of P3 in Step two. In contrast, in

Figure 13. Flow chart of tabu search.

Table 18. Results of Example 2 by MILPs (min Cmax)

N

Original Model (Big M 5 1000) Improved Model

100,000 Iterations 10,000,000 Iterations 100,000 Iterations 10,000,000 Iterations

Cmax CPU, s Cmax CPU, s n Big M Cmax CPU, s Cmax CPU, s

8 14.00 16.60 14.00 16.60 4 136.6 14.00 1.15 14.00 1.15
10 19.10 26.67 18.35 6254.36 5 251 17.70 26.69 17.70 5741.08
15 28.00 44.44 26.60 6189.41 7 298.5 25.40 45.57 25.40 5675.48
20 38.85 72.45 35.50 8831.61 9 413 32.35 70.71 32.35 7816.14
50 106.40 600.38 103.85 60,240.51 24 499 98.84 593.91 98.84 59,881.41
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ARC5, all these four digits of an operator combination
sequence P1 are used for rule combination in Step one, and
thus, four of the partial rule sequences in Table 14 are tried
in Step two, and the best partial rule sequence is selected for
schedule synthesis of P3. Through computational experiments
with different examples, ARC2 and ARC3 performed badly.
The reasons for this are the same as in RSE2 and ARS1.
Therefore, the results by ARC2, ARC3, and ARC4 are not
presented in this paper.

ARC1, compared with ARS2, and ARC4, compared
with RSE1, use a smaller number of rules for schedule syn-
thesis for every chromosome in the course of the computa-
tion. In ARC5, to evaluate a chromosome, four equivalent
combinations, and hence four corresponding partial rule
sequences are tried. Consequently, more CPU time is needed.

Results of Example 1 by ARC

Table 16 shows the results of minimization of the make-
span (Cmax) for Example 1 by ARC1 and ARC5. In both
ARC1 and ARC5, Rule 5 or 7 is finally used for schedule
synthesis, and the optimal makespan is achieved in every test
of computation. By decoding the final evolved chromosome
corresponding to the best schedule obtained in ARC, we can
determine the important impact factors, the concerned factor
combinations, and rules.

Case Study

In addition to Example 1, the following three examples
are used for case study. Examples 2 and 3 were widely used
in the literature.10–13 The authors often solved small-size
problems by using MILP. In this paper, the problem is
enlarged, and it is very difficult for MILP to obtain an ac-

ceptable solution to these large-size problems. Example 4 is
a randomly generated problem, a very large general problem.
The data for Examples 2–4 were presented in the Supporting
Information (see Supplementary Material for this article).
Table 17 shows the differences between the three examples.

Our approaches can cope with problems with forbidden
changeovers, forbidden processes, order/unit release times
(like Example 3), and problems with randomly generated
order/unit release times (like Example 4). In Examples 2 and
4, there is no CP constraint. But in Example 3, there are CP
constraints. To increase feasibility of the solutions explored
and reduce the search time, a penalty method can be used to
change the problem with CP constraints into that without CP
constraint.

To compare the performance of MILPs and GAs, these
two kinds of approaches are used to solve different size
problems in Example 2. For the large-size problems, e.g. 50-
order problems in Examples 2 and 3 and 100-order problem
in Example 4, since it is obvious that MILPs cannot provide
good enough solutions for comparison, the results by MILPs
are not very important.

With an increase in problem size, the solution quality of
GA degrades rapidly. That is to say, GA prematurely con-
verges. Basic GA is one of the meta-heuristic methods, but it
may not be the best one for combinatorial optimization. In
solving large-size combinatorial problems including schedul-
ing problems, another kind of meta-heuristic method, TS,
shows persistent search ability, though with lower conver-
gence speed than GA. In practice, long time TS is often used
to search the best solution to large combinatorial problems.
That is why we provide the results by long time TS for the
large-size problems in these three examples.

TS is a neighborhood search method, like SA. TS uses
memory (called tabu list) to keep track of solutions already
visited, so it considers historical information during the
search process to avoid unnecessary revisit. Therefore, TS
searches the neighborhood of a solution fully but cleverly.
But TS that uses only one solution for the coming iteration
can easily miss some promising areas of the search space,
and a large set of parallel solutions does not exchange infor-
mation. Aspiration criteria adopted in TS introduce the algo-
rithm to search some secondary solution space. Lin and
Miler37 presented a TS for continuous function optimization
in chemical process. The TS procedure for combinatorial
optimization is similar to that for the continuous function
optimization. The TS procedure consists of several steps
which are depicted in Figure 13. The components of TS are
summarized as follows:

Table 19. Results of Example 2 by GAs (min Cmax)

N

GAs (Best Test)

GA_R7 ARS2

Cmax CPU, s Cmax CPU, s Rule

8 14.00 \0.055 14.00 \0.055 Rule 7
10 17.35 0.055 17.35 0.160 Rule 7
15 22.19 0.110 22.05 0.490 Rule 7
20 27.89 0.160 27.80 1.040 Rule 6
50 74.30 0.770 70.30 2.690 Rule 6

Table 20. Results of Example 2 by GAs Combined with Different Rules and TS (min Cmax)

Method Best Cmax Mean Cmax

Mean Dev.
from Best

Mean CPU
Time, s

Mean
Iterations Tests

Rule
Combined

GA_R1 (FAU) 80.34 83.02 18.51 0.80 48.5 10 Rule 1
GA_R2 (SCT) 82.00 84.96 21.29 0.81 52.7 10 Rule 2
GA_R3 (SPT) 96.20 96.78 38.16 0.51 34.3 10 Rule 3
GA_R4 (EST) 81.25 84.41 20.50 0.67 41.4 10 Rule 4
GA_R5 (SPsPT) 74.60 75.48 7.75 0.77 47.2 10 Rule 5
GA_R6 (SCPT) 71.29 72.06 2.86 0.61 37.6 10 Rule 6
GA_R7 (ECT) 74.30 75.61 7.94 0.70 44.2 10 Rule 7
TS_R6 (SCPT) 70.05 70.45 0.57 41.50 10,000.0 10 Rule 6
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Encoding: Encoding is the representation of a solution, the
same as that in GA.

Initial solution and evaluation: TS begins with a single
initial solution, this solution is evaluated by the same proce-
dure as shown in Figure 13. Other solutions during the TS
process are evaluated by the same procedure.

Objective function: Through objective function, every solu-
tion corresponds to an objective value.

Move operator: Like the mutation of GA, it changes the
permutation of a solution and results in another solution.

Neighbor solutions: Through move operator, a set of
neighbor solutions can be obtained from one solution.

Candidate solutions: Candidate solutions are a subset of
the neighbor solutions.

Tabu list: The solutions that have just been searched are
put into the tabu list, and endued with a certain or dynamic
tenure. At each iteration the tenure will be subtracted by 1.
If the tenure is not equal to zero, the solution will not be
searched, that is to say, it will not be used to generate neigh-
bor solutions. The tabu list length depends on the problem
size.

Aspiration criterion: Aspiration criterion is used to deter-
mine whether a candidate solution is accepted or rejected to
generate neighbor solutions. If all candidate solutions are in the
tabu list, the best candidate is accepted. If a solution is the best
so far, that means there are not any solutions better than it, it is
accepted without checking the tabu list.

Termination criterion: If the termination criterion is satis-
fied, then output the best solution. We use a number of itera-
tions, 10,000, as termination criterion in this paper.

Example 2

In this section, we first solve Example 2 using the MILP
model developed by Hui and Gupta12 and the modified
model and then solved them using the newly proposed

approaches. The MILP procedure for solving SMSP given by
Hui and Gupta12 is as follows: establish the MILP model
first, including objective function and constraints, and then
the model is formulated by GAMS and solved by OSL
solver. When using GAMS and OSL for solving the MILP
model, iterations is limited to 100,000 or 10,000,000 for the
computation. For the small-size problems, if optimal solution
is obtained, the computational process will stop with a small
number of iterations. Table 18 shows the results of Example
2 by MILPs, and Table 19 shows the results by our proposed
GAs.

Five observations can be made from Tables 18 and 19.
First, as the problem size increases linearly, from 8-order/
4-unit to 50-order/4-unit, the computational time of MILP
model increases exponentially, from 2 to about 600 s (with a
termination criterion of 100,000 iterations), or from 2 to
about 60,000 s (about 17 h) (with a termination criterion of
10,000,000 iterations). Second, although the solutions by the
improved MILP model are somewhat better, the CPU times
do not reduce correspondingly. Third, although the iterations
increase by 100 times, the objective values by the original
model decrease very little, and the objective values by the
improved model have no change. Fourth, the proposed GAs
obtain much better solutions for large-size problems within
much shorter search time than MILPs. Finally, ARS2 per-
forms better in solving large-size problems than GA_R7
which stands for GA combined with Rule 7. Comparing the
results between MILPs in Table 18 and GAs in Table 19
shows that GAs take great advantage over MILPs, especially
in solving large-size problems.

To compare the performance of the seven rules in GA,
Example 2 with 50 orders over 4 units was solved by GAs
combined with different rules. For each method, 10 tests
were conducted. The best makespan of Example 2 obtained
by long time TS combined with Rule 6 (TS_R6) up to now
is 70.05. Hence the deviations from best for Example 2 are
calculated with respect to 70.05. Table 20 presents the

Table 21. Results of Example 2 by Different Methods (min Cmax)

Method Best Cmax Mean Cmax Mean Dev. from Best Mean CPU Time, s Mean Iterations Tests Rule or Rule Sequence

ARS2 70.30 71.59 2.20 2.47 43.5 10 6
RSE1 70.70 71.51 2.09 1.05 55.8 10 6 3 7 4 5 2 1
ARC1 70.70 73.01 4.23 1.18 50.8 10 6
ARC5 70.13 71.18 1.61 3.65 56.4 10 6

Figure 14. Gantt chart of the schedule for Example 2 by ARC5 (Cmax 5 70.13).
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results. It can be seen that: (1) Rule 6 enables the GA to
obtain the best makespan 71.29 among the seven rules; (2)
The mean Dev. from best of Rule 6 is the smallest; (3) The
mean CPU times are not so different between methods.
Therefore Rule 6 is the best rule for Example 2. Compared
with Example 1, as the problem size of Example 2 is
enlarged, the effective rule for Example 2 changes from Rule
1 to Rule 6.

Table 21 summarizes the results of minimizing the make-
span of Example 2 by ARS2, RSE1, ARC1, and ARC5. Rule
6 shows the best performance in solving Example 2 with 50
orders over 4 units. ARC5 achieved the best makespan 70.13
among the four methods. Figure 14 is a Gantt chart of the
schedule for Example 2 by ARC5. Compared with the long
time TS (TS_R6 in Table 20), ARC5 had a higher mean
deviation from best, but ARC5 had much shorter computa-
tional time.

Example 3

Example 3 is an SMSP with CP constraints. In GA for
solving SMSP with CP constraints, infeasible chromosomes
will surely be generated in these steps: ‘‘Initial generation,’’
‘‘Crossover,’’ ‘‘Mutation.’’ In this case, new feasible chromo-
somes should be regenerated to replace the infeasible ones. It
will take a lot of CPU time for GA to generate feasible chro-
mosomes.

To increase computing speed of GA for problems with CP
constraints, a penalty method has been adopted,31 which
gives the forbidden changeover (from one order to another
order) or forbidden process (meaning that an order is forbid-
den to process over a unit) a large penalty numerical value: a
great CT or PT. For instance, change the null values in CT
matrix and PT matrix into 100.0. Therefore, every arbitrary
chromosome became a legal or feasible one. As a result,
CPU time is greatly reduced. Moreover, GA obtained similar
solutions as before.

To compare the performance of the seven rules in GA,
Example 3 with 50 orders over 4 units was also solved by
GAs combined with different rules. For each method, 10
tests were conducted. The best makespan of Example 3
obtained by long time TS combined with Rule 7 (TS_R7) up
to now is 95.69. Hence the deviations from best for Example
3 are calculated with respect to 95.69. Table 22 presents the

results by GA_R6, GA_R7, and TS_R7. Since Rules 1–5
demonstrated poor performance in minimizing the makespan,
the results by from GA_R1 to GA_R5 are not presented
here. It is obvious that Rule 7 is the best rule for minimiza-
tion of the makespan of Example 3 with 50 orders over 4
units.

Table 23 summarizes the results of minimizing the make-
span of Example 3 by ARS2, RSE1, ARC1, and ARC5. Rule
7 shows the best performance in solving Example 3 with 50
orders over 4 units. ARC5 achieved the best makespan 96.60
among the four methods. Figure 15 is a Gantt chart of the
schedule for Example 3 by ARC5. Compared with the long
time TS (TS_R7 in Table 22), ARC5 had higher mean devia-
tion from best, but ARC5 had much shorter computational
time.

For the same size problems (50 orders over 4 units), the
effective rule for Example 3 is different from that for Exam-
ple 2. The main difference between these two examples is
that Example 3 has CP constraints, but Example 2 has no CP
constraint.

Example 4

Example 4 is a general large-size problem. Due to the
combinatorial explosiveness of the problem, it is very diffi-
cult for MILP to solve this example to its optimality within
acceptable CPU time. The best makespan of Example 4
obtained by long time TS combined with Rule 6 (TS_R6) up
to now is 94.74. Hence deviations from best for Example 4
are calculated with respect to 94.74. Table 24 presents the
results of minimization of the makespan for Example 4 by
GA_R5, GA_R6, GA_R7, and TS_R6. Through the simula-
tion experiments, it is easy to find that Rule 6 is the best rule
for the minimization of the makespan of Example 4.

Table 25 summarizes the results of minimizing the make-
span of Example 4 by ARS2, RSE1, ARC1, and ARC5. Rule
6 shows the best performance in solving Example 4. ARC5
achieved the best makespan 96.27 among the four methods.
Figure 16 is a Gantt chart of the schedule for Example 4 by
ARC5. Compared with the long time TS (TS_R6 in Table
24), ARC5 had higher mean deviation from best, but ARC5
had much shorter computational time.

Table 22. Results of Example 3 by GAs Combined with Different Rules and TS (min Cmax)

Method Best Cmax Mean Cmax

Mean Dev.
from Best

Mean CPU
Time, s

Mean
Iterations Tests

Rule
Combined

GA_R6 (SCPT) 99.30 102.16 7.11 0.88 58.7 10 Rule 6
GA_R7 (ECT) 97.02 100.99 5.54 0.80 51.8 10 Rule 7
TS_R7 (ECT) 95.69 96.74 1.09 70.00 10,000.0 10 Rule 7

Table 23. Results of Example 3 by Different Methods (min Cmax)

Method Best Cmax Mean Cmax Mean Dev. from Best Mean CPU Time, s Mean Iterations Tests Rule or Rule Sequence

ARS2 97.30 100.37 4.89 3.66 62.7 10 7
RSE1 98.05 101.06 5.61 1.27 66.0 10 7 2 1 4 6 3 5
ARC1 98.15 101.11 5.66 1.36 61.7 10 7
ARC5 96.60 99.17 3.64 3.66 55.3 10 7
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Discussion

Our case study shows that: (1) With the change of sched-
uling objective, the effective rules would change; (2) For the
same scheduling objective, with the change of prevailing
shop or plant conditions, such as problem size, constrains,
PT, CT, and so on, the effective rules would change. There-
fore, traditionally, a large number of simulation experiments
are needed to select suitable rule(s) for diverse scheduling
objectives. Moreover, if the conditions changed, new simula-
tion experiments should be carried out again. By the novel
rule evolutionary approach, every time when solving the
problem, the algorithm will automatically select the suitable
heuristic rules. Our task is to encode the rules into the algo-
rithms, making them more ‘‘clever’’ or intelligent.

Representation simplification

In ARS2 and RSE2, a rule sequence in a chromosome is
not necessary, because every rule in the candidate rule base
is tested in synthesizing an order sequence into a schedule.
Similarly, in ARC5, the operator combination sequence in a
chromosome is not necessary, because every operator
sequence is tested to handle the order sequences. Thus, the
representation of a solution in these methods can be simpli-
fied. Consequently, computational resource can be saved and
computational speed can be increased without any adverse
effect on solution quality. The simplified representation

makes it easy for ARS and rule combination to be used in
other meta-heuristics, such as TS and hybrid methods.

Compound objectives

As stated previously, the makespan and the total tardiness,
or, the total flow time and the total tardiness, can be conflict-
ing objectives. If the due dates of the orders are loose, it is
easy to find a schedule with zero total tardiness, however,
the makespan or the total flow time of the schedule may be
long. On the other hand, a schedule with short makespan or
total flow time may have orders finished with violation of
due dates (with tardy orders). To consider both objectives at
the same time, compound objectives TC and TF can be mini-
mized by our proposed approaches.38

Table 26 summarizes the results of Cmax and F minimiza-
tion by ARC5. Table 27 summarizes the results of TC and
TF minimization by ARC5. By comparing Table 26 with Ta-
ble 27, it can be observed that: (1) for the same example, the
effective rule for Cmax is also effective for TC, and the effec-
tive rule for F also effective for TF; (2) when minimizing
Cmax or F, the final optimized schedule often has a large
total tardiness, but with the compound objective (e.g. TC)
minimized, both simple objectives included (e.g. Cmax and T)
are optimized. In Example 1, when minimizing TC, Rule 5
or 7 is finally used, and the best TC 5 28.79 is achieved. At
the same time, zero tardiness and short makespan (28.79) are
obtained. For TF minimization in Example 1, the suitable

Figure 15. Gantt chart of the schedule for Example 3 by ARC5 (Cmax 5 96.60).

Table 24. Results of Example 4 by GAs Combined with Different Rules and TS (min Cmax)

Method Best Cmax Mean Cmax

Mean Dev.
from Best

Mean CPU
Time, s

Mean
Iterations Tests

Rule
Combined

GA_R5 (SPsPT) 105.52 106.98 12.91 2.41 50.7 10 Rule 5
GA_R6 (SCPT) 97.30 99.36 4.87 2.09 46.5 10 Rule 6
GA_R7 (ECT) 103.81 105.28 11.13 2.20 46.2 10 Rule 7
TS_R6 94.74 95.76 1.07 184.50 10,000.0 10 Rule 6

Table 25. Results of Example 4 by Different Methods (min Cmax)

Method Best Cmax Mean Cmax Mean Dev. from Best Mean CPU Time, s Mean Iterations Tests Rule or Rule Sequence

ARS2 96.94 98.61 4.09 10.26 53.6 10 6
RSE1 97.39 101.36 6.99 3.51 70.0 10 6 5 2 7 3 4 1
ARC1 99.53 102.94 8.65 3.82 54.0 10 6
ARC5 96.27 97.99 3.43 13.89 65.6 10 6
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rule shifts to Rule 3 or 6, and the best TF 5 73.49 is
achieved. At the same time, zero tardiness and short total
flow time (73.49) are obtained.

Conclusions

In solving large-size scheduling problems, it is still very
difficult for MILP method to obtain the optima within ac-
ceptable computational time. Comparatively, meta-heuristic
methods can easily obtain ‘‘good enough’’ solutions to large-
size problems within reasonable computational time, though
they cannot prove optimality. In meta-heuristic methods, heu-
ristic rules play a very important role in reducing the search
space. In our previous work, ARS and RSE methods have
been proposed which work with a candidate rule base. This
work proposes a novel method of how to construct a compre-
hensive, but not very large rule base that does not let possi-
ble useful rules lie out of our consideration based on the
impact factors analysis. Based on the new rule base, new

ARS and RSE methods (ARS2 and RSE2) are proposed and
investigated. ARS2 shows better performance than the origi-
nal one.

In ARS and RSE methods, a full rule sequence is used to
synthesize an order sequence into a schedule. In the new
ARC approach, through impact factor combination, a partial
rule sequence is intentionally formed and used for schedule
synthesis of an order sequence. The adoption of the partial
rule sequences save computational sources and increase the
search ability of the algorithms. Through case study, it has
been found that ARC approach (ARC5) has almost the same
search ability as long time TS to find near-optimal solutions
to the large-size problems. Moreover, ARC5 has a 10 times
higher convergence speed than long time TS.

Acknowledgments

The authors gratefully acknowledge financial support from Hong
Kong RGC grant (No. 614005) and DAG05/06.EG23.

Figure 16. Gantt chart of the schedule for Example 4 by ARC5 (Cmax 5 96.27).

Table 27. Summarized Results of TC and TF Minimization by ARC5

Example

min TC (10 Tests Conducted) min TF (10 Tests Conducted)

Schedule with Best TC

Mean TC Rule Used

Schedule with Best TF

Mean TF Rule UsedTC T Cmax TF T F

Example 1 28.79 0.00 28.79 28.79 Rule 5 or 7 73.49 0.00 73.49 73.49 Rule 3 or 6
Example 2 81.67 7.50 74.17 86.50 Rule 6 288.95 7.52 281.43 295.01 Rule 6
Example 3 449.66 348.92 100.74 497.10 Rule 6 or 7 707.25 342.64 364.61 745.03 Rule 6 or 7
Example 4 470.08 370.59 99.49 532.69 Rule 6 1084.76 348.85 735.91 1140.50 Rule 6

Table 26. Summarized Results of Cmax and F Minimization by ARC5

Example

min Cmax (10 Tests Conducted) min F (10 Tests Conducted)

Schedule with Best Cmax

Mean Cmax Rule Used

Schedule with Best F

Mean F Rule UsedCmax T F T

Example 1 28.31 6.31 28.31 Rule 5 or 7 73.39 14.62 73.39 Rule 3 or 6
Example 2 70.13 171.50 71.18 Rule 6 271.78 228.43 273.46 Rule 6
Example 3 96.60 573.80 99.17 Rule 7 353.58 562.71 356.01 Rule 6
Example 4 96.27 985.25 97.99 Rule 6 712.69 1273.86 716.38 Rule 6
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Notation

Abbreviations

ARC5 automatic rule combination by GA
ARS5 automatic rule selection by GA

CP constraints5 changeover constraints and processing constraints
ECT5 earliest completion time
EDD5 earliest due date
EST5 earliest start time
FAU5first available unit
GA5genetic algorithm

GA_Rn5GA combined with Rule n
LCT5 latest completion time
MILP5mixed-integer linear programming

MINLP5mixed-integer nonlinear programming
MMSP5multistage multiproduct scheduling problem

MP5mathematical programming
PMX5partial-mapped crossover
RSE5 rule sequence evolution by GA
SA5 simulated annealing

SMSP5 single-stage multiproduct scheduling problem
SCPT5 shortest changeover 1 process time
SCT5 shortest changeover time

SPsPT5 shortest possible start time 1 process time
SPT5 shortest process time
TS5 tabu search

TSP5 traveling salesman problem
TS_Rn5TS combined with Rule n

Indices

i, j5different customer orders
u5processing units

Sets

O5 a set of orders (with N orders)
SR5 a set of scheduling rules (with R rules)
U5 a set of units (with M units)

Parameters

cij5 changeover time when order i changeover to order
j (not unit dependant)

CPU, CPU time5 computational time
Cr5 crossover rate

Dev. from best (%)5deviation from the best objective value
dj5 due date: the committed shipping or completion

date of order j (the date the order is promised to
the customer)

M5 the number of units
msize5 the number of the chromosomes that are selected

to mutate
Mr5mutation rate
N5 the number of orders
nc5 the number of compound rules
nf5 the number of impact factors
ns5 the number of simple rules
orj5 order release time: the earliest time at which order

j can start its processing
pju5order process time

popsize5 the number of chromosomes in the initial generation
uru5 unit release time: the represents the time at which

unit u can get ready
xsize5 the number of the chromosomes that are selected

to crossover
a, b5weight coefficient in compound scheduling objectives

Variables and functions

Cj5 completion time of order j
Cmax5makespan

E5 total earliness
Ej5 earliness of order j
F5 total flow time

f(P)5objective value of P
f(p)5objective value of p
P5 a mixed chromosome of GA for rule selection or

rule evolution: P 5 (P1, P2), P1 5 (c1, c2, c3, . . . ,
cR) is a rule sequence, P2 5 (p1, p2, p3, . . . , pN)
is an order sequence; a mixed chromosome of GA
for rule combination: P 5 (P1, P2, P3), P1 5 (o1,
o2, o3, . . . , o2nf�1 ) is a operator combination
sequence, P2 5 (u1, u2, u3, . . . , unf ) is a factor
sequence, P3 5 (p1, p2, p3, . . . , pN) is an order
sequence

T5 total tardiness
TC5 compound objective of makespan and total tardiness
TF5 compound objective of total flow time and total

tardiness
Tj5 tardiness of order j
X5 a solution in tabu search
p5 a permutation (p1, p2, . . ., pN) in set O
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